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ABSTRACT: We prove that a scalar quantum field theory defined on noncommutative
Minkowski spacetime with noncommuting momentum coordinates is covariant with respect
to the UV/IR duality which exchanges coordinates and momenta. The proof is based on
suitable resonance expansions of charged noncommutative scalar fields in a background
electric field, which yields an effective description of the field theory in terms of a coupled
complex two-matrix model. The two independent matrix degrees of freedom ensure unitar-
ity and manifest C T-invariance of the field theory. The formalism describes an analytic
continuation of the renormalizable Grosse-Wulkenhaar models to Minkowski signature.
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1. Introduction

The renormalization of noncommutative quantum field theories has undergone enormous
progress during the last few years (see e.g. [B4, B for an overview). The mixing of ultravio-
let and infrared scales prohibits the successful application of conventional renormalization
schemes, such as the Wilsonian approach [BJ). Grosse and Wulkenhaar understood the
appearance of UV/IR mixing in scalar qb;fl theory as an anomaly due to a missing marginal
term in the Lagrangian [29, BJ|. A certain UV/IR duality symmetry of the theory under
symplectic Fourier transformation of the fields [d] eliminates UV/IR mixing. In order
to make their propagator covariant under this duality, they added a harmonic oscillator
potential to the free Lagrangian. The analysis of Grosse and Wulkenhaar has been success-
fully extended to a variety of other models [[I4, 3, Rd, Bd, [Ld, [, B4, [(5], and it is believed
that a constructive definition of these quantum field theories may be possible due to the
absence of renormalons [[[0, B1], [[3). The UV/IR duality has been recently interpreted in



terms of metaplectic representations of the Heisenberg group in [{], where the analog of
the Grosse-Wulkenhaar model has also been defined on solvable symmetric spaces.

The duality covariant propagators in the original field theories studied in [Rf] govern the
propagation of charged scalar particles in a constant magnetic background. Heuristically,
the duality exchanges infrared and ultraviolet divergences, such that both divergences can
be cut off simultaneously. This enables the standard Wilsonian renormalization procedure
to be properly applied. However, thus far all models considered have been formulated in
Euclidean space. In this paper we will investigate how the duality covariant scalar quantum
field theories are modified in Minkowski space with maximal rank noncommutativity.

In contrast to the commutative case, the perturbative dynamics of noncommutative
field theories in Minkowski signature cannot be simply obtained via a Wick rotation of
their Euclidean counterparts [B, fl, Bd, R4]. In non-planar graphs, the Heaviside function
implementing time-ordering and the two-point function cannot be combined to yield twisted
convolution products of Feynman propagators. A careful analysis treating both functions
on a different footing reveals that the renormalization properties in Minkowski signature
are very different than on Euclidean space [[[], and it has been suggested that the UV/IR
mixing problem may be far less severe or even absent in this case.

In order to analyse the UV/IR duality in Minkowski signature, we will continue the
models investigated in [P, P9, BQ] to Minkowski space. Thus we will consider a complex
scalar field in a background electric field. We will establish the duality covariance of the
interacting noncommutative quantum field theory. In doing so we will introduce a matrix
basis for the expansion of fields, which can be considered as the Minkowskian analog of
the expansion in Landau wavefunctions on noncommutative Euclidean space. The matrix
basis is the key setting for application of the Wilson-Polchinski renormalization group
equation in the Grosse-Wulkenhaar model. In contrast to the Euclidean case, however,
the Lorentzian duality covariant field theory requires two coupled complex matrices in its
representation as a matrix model, a necessary unitary and causal property which does not
follow by a simple Wick rotation. The two-matrix model naturally ensures the stability
and C T-invariance of the field theory. This model can thus be regarded as an analytical
continuation of the Grosse-Wulkenhaar models to noncommutative Minkowski space, and
is the starting point for the renormalization of noncommutative quantum field theory in
Lorentzian signature.

The 1+ 1-dimensional Klein-Gordon operator appearing in the free part of the duality
covariant action is a special representation of the quantum inverted harmonic oscillator
defined by the Hamiltonian

(P?—w?Q? (1.1)

with w € R, where the position and momentum operators Q and P obey the canonical
commutation relation [Q, 13] = i. The inverted harmonic oscillator emerges if one inserts
an imaginary frequency +iw into the usual quantum harmonic oscillator. As we will see
below, we can also obtain one system from the other by a complex scaling. However,
the spectral properties of these two systems are completely different. Unlike the quantum



harmonic oscillator, which has a discrete spectrum bounded from below, the inverted oscil-
lator exhibits a continuous spectrum which is not bounded from below. Intriguingly, even
though the operator His selfadjoint, it possesses a second set of generalized eigenfunctions
corresponding to imaginary eigenvalues. These functions occur as residues of the original
eigenfunctions analytically continued to the complex energy plane. Such functions are well
known in the literature and are used to describe resonant states, often called Gamow states
(see e.g. [ for a review). To uncover these states we have to close the contour of integra-
tion over the eigenfunction expansion in the upper or lower complex half-plane, and the
resulting discrete expansion is analogous to the expansion in Landau wavefunctions.

From a technical standpoint, the matrix basis is derived from an application of the
Gel’fand-Maurin spectral theorem and an appropriate resonance expansion of fields. This
expansion requires truncation of the configuration space of the field theory to a dense sub-
space, which we describe in detail. Thus the integration domain for the functional integral
must be truncated, which may be thought of as an ingredient of the duality covariant
regularization of the quantum field theory. We work in the framework of generalized func-
tions and Gel’fand-Shilov spaces [R1], which are subalgebras of Schwartz space closed under
Fourier transformation and allow for the appropriate expansions in terms of harmonic os-
cillator wavefunctions [B§]. The Gel’fand-Shilov spaces are also closed under multiplication
with the noncommutative star product [B§, fl, B7], and are thus natural candidates for the
configuration spaces of duality covariant noncommutative field theories. These functional
analytic techniques should all prove useful for further development of the renormalization
programme on noncommutative Minkowski space.

The outline of the remainder of this paper is as follows. In section ] we give a precise
formulation of the noncommutative quantum field theory in 1 + 1-dimensions and state
its duality symmetries. In section [] we develop in detail the resonance expansion of our
noncommutative fields and use it to prove the duality covariance of the Lorentzian quantum
field theory. In section f] we describe both physical and analytic properties of the subspace
of Schwartz space on which our resonance expansions are valid. In section [| we describe the
equivalent two-matrix model which governs the dynamics of the duality covariant quantum
field theory. In section ff we describe the generalization of our results to higher-dimensional
noncommutative Minkowski space. In section [{ we summarize our findings and discuss the
prospects of using our analysis in further directions. Finally, two appendices at the end of
the paper contain some of the more technical aspects of our development. In appendix A we
describe properties and the explicit analytic forms of the generalized eigenfunctions which
are used to derive the resonance expansions. In appendix B we derive the explicit expression
for the free two-point Green’s function in the duality covariant quantum field theory.

2. Formulation of the duality covariant field theory

In this section we will describe the scalar field theory we shall work with and its duality
symmetries. Let us begin by giving a heuristic motivation behind the duality. Consider the
noncommutative field theory of a complex scalar field ¢(x) in D-dimensional spacetime.
The noncommutativity parameters are specified by a real constant D x D antisymmetric



matrix 8. The infrared dynamics of the quantum field theory are mediated through the
interactions of noncommutative “dipoles” [BJ], which are extended degrees of freedom
(rigid “rods”) whose lengths are proportional to their transverse momentum. For a dipole
of momentum k, its dipole moment is 8 - k and the position coordinate x of the scalar field
is Bopp shifted to the commutative variable

r=x+60- k. (2.1)
The dipole degrees of freedom are created by the operators [B3,
W[8] = Trexp (i|k| () = Trexp (i|k|p(r —i0-Vp)) . (2.2)

In the case of noncommutative gauge theory, an alternative interpretation of the infrared
dynamics as a non-renormalizable gravitational sector has been given recently in [B9, R(].

On the other hand, the ultraviolet dynamics are governed by the elementary quantum
fields ¢, which create pointlike quanta of momenta k. The ultraviolet and infrared degrees
of freedom are “dual” to one another [B3). The UV/IR mixing problem can in this way
be understood as a mismatch between the dressed coordinates (R.1) and the elementary
momenta k. We will cure this problem by making the UV/IR “duality” symmetric via
substitution of the generalized momenta

k+— k+FE- -x, (2.3)

where the real constant D x D antisymmetric matrix E can be interpreted as an “electro-
magnetic” background.

For this, consider the quantum field theory of a massive, complex scalar field ¢(x)
minimally coupled to a constant electromagnetic field in flat Minkowski spacetime, and in
the background of an inverted harmonic oscillator potential. To simplify the presentation
we will focus mainly on the case of D = 141 dimensions, commenting later on the extension
to generic spacetime dimension (see section [f). The spacetime coordinates are denoted by
x = (t,z) = (). We will denote by (G,,) = diag(1,1) the flat Euclidean metric and with
(N ) = diag(1, —1) the flat Minkowski metric. The electric field strength tensor is denoted
E = (E,, ) and

1

"o

Flol(k) /}R2 dz e~k o(x) with k-x =k, 2" = n, k'2” (2.4)

is the usual Fourier transformation of the field ¢(x).
The field theory is defined by the action S = Sy + g% Sint With the free part given by

S = /]R dz ¢*(z) (0 D? + (1 — o) D? + 1) (), (2.5)

where the parameter o € [0,1], u? > 0 is the mass parameter, and D? = n#¥ D, D, with
D, the generalized momentum operators defined as
1

Dy = NG (=10, + B 2") (2.6)



and (0,) = (0/0x*) = (0, 0;). The generalized momenta obey the commutation relations
[Dua Du] = iE,uz/ 5 (27)

which allows us to interpret the constant electric field strength E,,, = F'¢,, as a parameter
which produces noncommuting momentum space coordinates. The other kinetic operator
D2 = p D, D, is specified in terms of the “dual” momenta

- 1 ) ,

DH:% (_la/.t_E;LV':U ) (28)
which commute with the operators D, and are obtained from (R.§) by the charge conjuga-
tion transformation C': £, — —FE,,,.

The interaction part consists of the two inequivalent, noncommutative quartic inter-
actions

Sint = /R? dx [oz (¢* x p* ¢" * ¢)(x) +ﬁ(¢**¢**¢*¢)(m)] (2.9)

weighted by the real parameters o and 3. We will use the usual Gronewold-Moyal star-
product which may be defined by the twisted convolution product

_ 1 L0eukrpy | i(k+p)T
f@)xa(@) = Lk [ ap FLAE Fal(p) e300t ik
1

- = —2i ¢ (L1—T)H (T2—T)
2r0)2 /R2 dy o day f(w1) g(x2) €77 . (2.10)

We assume here that ¢ € S(R?) is a Schwartz test function on R? for simplicity. The Fourier
transformation (P.4) is a topological automorphism of Schwartz space, and the twist factor
eXp(% 0 €, k" p¥) is a multiplier for this space. Later on we will further restrict this space
to an appropriate subspace.

We are now ready to give a precise formulation of the duality in the classical field theory.

Theorem 1. The action
S =So+¢*Sm =: S[¢; E,g,6] (2.11)

defined above obeys

Sl¢;E,q.0)=S[¢; E. §,0], (2.12)

where

o(z) = /| det(E)| Fl|(E - ) (2.13)

and F[¢|(k) is the Fourier transform of ¢(x). The transformed coupling parameters are

6=—4E'0'ET" and  §=2|det(E-0)| g (2.14)

Moreover, the transformation (¢; E, g,0) — ((5, E.g, 0~) is a duality of the field theory, i.e.
it generates a cyclic group of order two.



At the special points § = +2/F the field theory is completely invariant under Fourier
transformation (up to the sign of ), and it is said to be self-dual. The proof of Theorem
is identical to that of 6, Prop. 1], which holds irrespectively of the signature of the space-
time metric. As in [2f], each of the differential operators D? and D? is invariant under
Fourier transformation up to a rescaling. The duality covers both cases ¢ =0 and ¢ =1
representing charged scalar fields in a background electric field alone, analogously to the

Euclidean models of [P{]. Since
D?+D%*=-9"9, - E*2tx,, (2.15)

the choice o = % corresponds to scalar fields in an inverted harmonic oscillator potential
alone and is closest to the conventional field theories on noncommutative Minkowski space
with no background electric field. In the Euclidean setting it is this choice which renders
the standard noncommutative ¢*-theory renormalizable to all orders of perturbation theory
by giving the free propagator the necessary decay behaviour for a multiscale slicing [RZ],
achieved by discretization of the spectrum of the free Hamiltonian via the effective infrared
regularization provided by the confining harmonic oscillator potential.

Let us now turn to the duality at the full quantum level in Minkowski spacetime. For-
mally, the quantum field theory defined by the classical action above is duality invariant
even for Minkowski metric. It is defined by the usual perturbative, formal functional inte-
gral

Z[J] :/D¢ Do* exp (1S[¢; E, g,0] + i(¢,J) + i(J, ¢)) (2.16)

where (f, g) = [g2 d& f*(x) g(x), with independent external sources J(x) and J*(z). The
generating functional of all connected Green’s functions is given by
Z1J]
J=—log—= =: G[J;E,g,0]. 2.17
As in [Pg], due to the duality covariance of the classical action S, the invariance of
the functional integration measure under the transformation ¢ +— ®, and the fact that
(9, J) = <(§, J), we formally obtain the identity

GlJ;E,9,0)=G[J; E,g,0]. (2.18)

However, a proper treatment requires a specification of ultraviolet and infrared regulariza-
tions. As we will show in the next section, there exists a duality invariant regularization
which cures all possible divergences of the quantum field theory. Assuming this is properly
done we then see that the regularized quantum field theory is duality invariant.

We summarize this result as follows.

Theorem 2. There exists a reqularization which is invariant under the duality transforma-
tion given in Theorem []. Moreover, with this reqularization and for Minkowski spacetime
metric, all Feynman amplitudes of the quantum field theory are convergent. The corre-
sponding regularized generating functional Go of all connected Green’s functions, where A



is a cut-off parameter defined by the reqularization, is therefore well-defined. It possesses
the duality symmetry

GAlJ;E.9,61=Gr[J: B, §, 6] (2.19)
where J(x) = \/|det(E)| F[J|(E - x) and F[J] is the Fourier transform of J.

The key ingredient for the quantum duality is the existence of a regularization of the
quantum field theory which respects the duality. In [Bf] it was shown that in Euclidean
space there exists a natural regularization for the theory. Rather than expanding the
fields in plane waves, it is more natural to expand them in eigenfunctions of the Landau
Hamiltonian D% := G" D, D, where G is the Euclidean metric, which diagonalizes the
free part of the action. Since the Landau wavefunctions are not eigenfunctions of the
operator D% = p D, D,, the proof given in [B§] does not directly apply in Minkowski
spacetime. In the next section we will develop an analogous expansion for Minkowski
signature, which will allow us to prove the theorem in a similar manner. The technical
details are rather intricate in this case, and we will uncover some surprising differences
from the Euclidean case.

In what follows it will be useful to employ the Weyl-Wigner correspondence of noncom-
mutative field theory [40]. It will play a central role in our analysis of both the free action
where no noncommutativity shows up and in our analysis of the noncommutative interac-
tions. In the former case it will allow us to switch easily between different representations of
our Klein-Gordon operator D2, while on the other hand we can utilize some nice properties
of this mapping to give explicit expressions for the generalized eigenfunctions of D? in our
original representation and thus prove the duality covariance of the model. In the latter
case we can use the same property to map our quantum field theory onto a matrix model.

The Weyl-Wigner correspondence provides a one-to-one correspondence between the
algebra of fields on R? and a ring of operators with (suitably normalized) trace Tr, con-
structed through replacing the local coordinates z* of R? by Hermitean operators &*
obeying the Heisenberg commutation relations

(&, 8] = i6" . (2.20)

Given a Schwartz function f(x), we introduce its Weyl symbol

Wil = 5= [ di I exp (i, 3). (2.21)

:27T

which is a compact operator. The transformation f(z) — W|[f] is invertible with inverse
given by [H0]

f@) = 5= [, ak e R T OV explih ) = WIAI(@), (222

which is often called the Wigner distribution function of the operator W[f]. One has [A{]

WIfIWlg) =WI[fxg]  and  W[f]~WI[g] = W[f g] (2.23)



for arbitrary Schwartz functions f(x), g(x) and compact operators f, g, while
/ de f(x) = Tr (W[f]) and Tr (f) :/ de W[f](z) . (2.24)
R2 R2

3. Quantum duality on noncommutative Minkowski space

In order to prove Theorem [ for Minkowski spacetime, we will show how to expand the
boson fields in a discrete set of generalized eigenfunctions of the operator D2. One of the
most important facts needed for the proof in the Euclidean case is that the operator D]%:
has a discrete spectrum. By expanding the fields in this discrete basis of eigenfunctions,
the field theory can be mapped onto a matrix model and regularized by cutting off the
sums appearing in the Feynman amplitudes at some finite matrix rank N. The Minkowski
case is much more subtle, since the spectrum of the operator D? is the whole real line
R. Nevertheless, we will show that there exists an appropriate space of fields in which a
discrete expansion is possible. This will enable us to apply the arguments given in the
Euclidean case. In the following we will extend and generalize some results of [ff] which
were obtained in a different context than ours.

3.1 Mapping onto the inverted harmonic oscillator

To analyse the duality invariance of our model it is necessary to fix the self-dual point
O = @ et with § = 2/E. (When we study the interacting field theory later on, we will
assume that 6 and E are independent parameters.)

Lemma 1. There exists a classical Hamiltonian H(x) = % (332 — t2) such that the actions
of D? and D? on any function f(x) is proportional to the star product of H with that
function as

D?f(x) = E*H(x) » f(x)  and  D?*f(x)= E?f(x)x H(x) . (3.1)

Proof. The first equality follows from an elementary calculation

(22 =) % f(x) = = [2° — 7 —21(0/2) (v Oy +tD,) — (0/2)* (0} — 92)] f(=) (3.2)
1

. v 1
= 5 (F0"0, 2B e’ 9" — B2 atw,) f(2) = 15 Df(@),

N —

1
2
where in the second line we have set § = 2/E. An analogous calculation establishes the

second equality in (B.]). O

Instead of the operators D? and D2, we may thus work with the classical Hamiltonian
H(x), or even better with its Weyl symbol W[H] =: H. This operator is given by

H= (p* — %), (3.3)

N =



where the operators p := W]z] and § := W][t] obey the commutation relation
[G.p] =W[txa —zxt] =i =2i/E . (3.4)

The operator H is known as the inverted harmonic oscillator Hamiltonian. Its spectral
properties are reviewed below.

3.2 Rigged Hilbert space and resonance expansion

Resonance states were first introduced to describe decay phenomena in nuclei. They cor-
respond to complex energy eigenvalues of a Hamiltonian. The mathematical object in
which to embed such states is a rigged Hilbert space. The extension of the usual Hilbert
space to a rigged Hilbert space is also necessary to deal with continuous spectra of selfad-
joint operators. The spectral theorem for Hilbert spaces, which is only valid for operators
with discrete spectra, can be extended to these operators by the Gel’fand-Maurin theorem
(also known as the nuclear spectral theorem). See e.g. [ and references therein for an
introduction to rigged Hilbert spaces in quantum mechanics.
A rigged Hilbert space is roughly speaking a triplet of spaces

®C HCI, (3.5)

where ® is a dense, topological vector subspace of an infinite-dimensional Hilbert space
H and @' is its topological dual, i.e. the space of continuous linear functionals on ®. The
action of a functional F € ®' on a vector ¢ € ® will be denoted (¢|F) € C. It is the
extension of the inner product on H to ® x . If A is a selfadjoint operator on H, then
a complex number A € C is called a generalized eigenvalue of A if there is a nonzero
functional F\ € ®’, called a generalized eigenvector, such that for any ¢ € ® one has

(B|AFy) = (Ap|Fy) = A (¢|F)) . (3.6)

In this way the operator A can be extended to the dual space ®’, and it is possible to make
sense of complex eigenvalues of selfadjoint operators.
By the Gel'fand-Maurin theorem, for every selfadjoint operator A there exists a mea-

~

sure du on the spectrum X (A) C R, which for an absolutely continuous spectrum can be

-~

chosen to be Lebesgue measure, such that for almost every A € ¥(A) we can find a nonzero
functional |F)) € ®' with

A|F)) = A|Fy) - (3.7)

These generalized eigenvectors cover the spectrum and form a complete set, and thus for
an arbitrary vector |¢) € ® provide the decomposition

B = S (Buld)F) + /E PREYCUILY (3.8)

ez, (A) ‘



PN ~ ~ -~ -~

where ¥,(A) and X.(A), with ¥(A) = X,(A) U X.(A), are respectively the point and
continuous spectrum of A. On the domain ®, the Gel'fand-Maurin theorem allows the
spectral representation for A given by

-~

A= S BB+ /(A)dM|FA><FA|. (3.9)
A€,y (A) ‘

We will now investigate the spectral structure and the rigged Hilbert space of the inverted
harmonic oscillator Hamiltonian H. The spectral properties of H were analysed in [[], §.

Our first goal is to find the eigenfunctions of H and determine the rigged Hilbert
space in which an eigenvector expansion is possible. The spectrum of H is R and the
rigged Hilbert space is given by

S(R) c L*R) c S'(R), (3.10)

where S(R) is the Schwartz space and S’'(R) is the dual space of tempered distributions. We
will then show that there exists a set of generalized eigenfunctions corresponding to imagi-
nary eigenvalues. Since these eigenvalues do not belong to the spectrum, we cannot simply
apply the Gel’fand-Maurin theorem to achieve a discrete expansion on the rigged Hilbert
space () Nevertheless, it is the expansion in these eigenfunctions we are interested in.
We will show that they arise as residues of the original eigenfunctions corresponding to the
continuous eigenvalues. Through a further restriction of the domain of the Hamiltonian
H, we can apply the residue theorem to reduce the continuous eigenvector expansion to a
discrete one.

Lemma 2. The operator H is selfadoint on L*(R) with spectrum L(H) = R.

The proof of Lemma ] can be found in [[j. As mentioned above, since we are dealing
with a continuous spectrum we cannot expect the eigenfunctions to live in L2(R). We will
now choose a special representation to see what the eigenfunctions of H look like. In order
to work in a similar convention to [, we multiply H by E’2 := (E/2)2. Denoting by |q)
the eigenbasis of § with eigenvalue g € R, we get the eigenvalue equation

1

5 (=07 = B ¢)xi(e) = Exila) - (3.11)

Since the differential operator in this equation is parity invariant, each eigenvalue & is two-
fold degenerate as indicated through the additional index + carried by the eigenfunctions.
Substituting z = v/2i E’ q the eigenvalue equation can be rearranged to the form

2 122\ ¢
where
1
V:_i%_i' (3.13)

— 10 —



The differential equation (B.19) is solved by the parabolic cylinder functions D, (z)
which are defined by

[e.e]
D,(z) = F(iy) e 17 /0 dt et e 2t vl (3.14)
In particular, every solution is a linear combination of the functions D, (z), D,(—z),
D_,_1(iz) and D_,_1(—iz). Only two of them are linearly independent. As claimed
above, the spectrum is the entire real line and is thus not bounded from below. This
property is exactly what we need to construct our discrete expansion.

For our purposes we will need two different sets of normalized eigenfunctions x4 and ng,
both corresponding to the eigenvalue £. They are related to each other by 0§ (¢) = x%.(¢)*,
and are given explicitly by [§]

13T (=) D, (T V2iF q) (3.15)

where C' = (E'/2n?)Y/%. These functions satisfy the orthonormality and completeness
relations

/]R dg X% (@) xF(q) = 6(&1 — &) and /R A& X5(q)* x&(d ) =d(g—q'), (3.16)

and analogous relations for n§. These generalized eigenfunctions belong to the space of
tempered distributions S'(R). Applying the Gel’fand-Maurin theorem to our inverted
harmonic oscillator we get two expansions for every Schwartz function ¢ € S(R) given by

/dcf’ |¢ Xs and  ¢(q /dcf’ |¢ 775 , (3.17)
s==+ s==+

and two spectral decompositions for H given by
A=Y [aepddl amd H=Y [aeelfedl. (a9
s=+ /R s=+ YR

As mentioned before, in addition to the eigenfunctions given above the Hamiltonian H
possesses a set of generalized eigenfunctions corresponding to a discrete set of imaginary
generalized eigenvalues which do not appear in its spectrum. As shown in [f], there is
a connection with the spectrum of the ordinary harmonic oscillator. By introducing the
Hermitean scaling operator

A~

A
V) :=exp (5 (Pg+ qp)> (3.19)

for A € R, we can use Hadamard’s lemma to compute

~

V}\ (ﬁ2 . d2) V;l — eQi)\G (ﬁZ . e—4i)\9 q~2) ) (320)

— 11 —



Setting A = £ 5, we see that the inverted harmonic oscillator Hamiltonian H is related
to the ordinary harmonic oscillator Hamiltonian H osc = % (ﬁ2 + (32) through

+iViHyVi'I=H (3.21)

with V4 = Vqt =/40- This enables us to construct two different sets of generalized eigen-
functions of H by acting on the eigenfunctions of the harmonic oscillator |m) with the
operators V.. This leads to

. " A 1
H|fE) == HViim)==+iViHuy|m) ==+i6 <m + 5) 1fE), (3.22)

where 6 (m + %) = (2/E)(m + %), m € Ny is the usual harmonic oscillator spectrum.

We can now specify the generalized eigenfunctions corresponding to the imaginary
eigenvalues. Again multiplying H and H g with E'2 = (E/2)? and working in the eigen-
basis of § we have

1
(q|E"? H psc|n) = E' <n + 5) °C(q) (3.23)
The orthonormal eigenfunctions of the harmonic oscillator Hamiltonian are given by
;)st:(q) e Nn e_(El/2) q2 Hn(,/E/ q) , (324)

where N, = (\/ E / 2" nl\/m ) /2 and H,, are the usual Hermite polynomials. Applying the
operators V4 to these functions we get

) = Vi) = ¢* 5 o (£ 00, )0 = =¥ (e ), (39
and thus

fE(q) = N e EDC g (VETFE q) (3.26)

with NF = (+i)"/* N,,. These functions belong to the dual Schwartz space S’(R).
We now note an important property. Since V! =V = V; and |f5) = (f| we have
(FalH = (n|Ve H = |V H = &, (7], (3.27)
with &, := (2iE) (n + 3). Thus (fF| is an eigenbra of H corresponding to the general-
ized eigenvalue F &,. We will see that this subtle issue has some remarkable consequences

and will follow us through our entire treatment. Because of this property, along with the
orthonormality and completeness of the eigenstates |n), we have

(fEIf7) =0nm  and an Y fald)=da—d) - (3.28)

To further approach our goal of a discrete expansion we will analytically continue
the energy eigenfunctions x4 and n{ into the complex energy plane and investigate their
analytic behaviours as functions of £. The distributions f will arise as residues of the
functions Xi and ni. We begin with the following lemma proven in [f].
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Lemma 3. The parabolic cylinder functions Dy(z) are analytic functions of A € C.

The analytic structure of the functions (B.15) is thus entirely governed by the gamma-
functions. Since the only singularities of I'(\) are simple poles at A = —n, n € Ny
with residues

Resy=_, (['(A)) = — (3.29)
and £ = iE (v + 1), we see that x§ and n% have poles at £ = —iF'(n + %) and
2 + t 3
E=1FE (n+ 3) with residues
C (=) . s —
ReSgZ—iE’ (n+%)(X§:(Q)) = \/ﬁ n 1 2 4 DTL( + —2iF q) )
C  (=1)" .n41 —
ReSgZiE’ (n+%)(”7§:(q)) = \/ﬁ n 1 271 Dn( + 2iF q) . (330)

Now using
Dn(z) =272 e /1 H,(2/V2) (3.31)
for n € Ny, we find
Rese——g, (X0(0) =, i and  Rese—e, (n5(a) = o5 fif . (3.32)

where the constants ¢ can be gleamed off from (B.26), (B.30) and (B:31)).
We would now like to extend the integration over R to a closed contour integral

in (B.17), and then apply the residue theorem to get a discrete expansion. However, the
integral over the arc at infinity must not contribute to the contour integral. To characterize
this property, we introduce two Hardy classes of functions H2 which may be defined as fol-
lows [ff]. Given a function f(€) of the real variable £ which admits an analytic continuation
into the open upper complex half-plane, define the function

I+(y):/Rdx f(z+ iy)|? (3.33)

of y > 0. Then f(€) is in the Hardy class from above H? if and only if the integrals (B.33)
are uniformly bounded, or equivalently

sup I (y) < oo . (3.34)
y>0

The Hardy class from below H? is defined in a similar manner, by substituting I+ (y) with
the function I~ (y) := It (—y).
To make sense of the contour integral we define the spaces
¢ = {9 € SR, | ({ilo) € SRe)NH},
¢y = {0 €SRy) | (nilo) € SRe) N HE}, (3.35)

which are both dense in L?(R). Using the residue theorem one then proves the following

result [fl, §].
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Theorem 3. For any functions ¢= € &, one has the expansions

[e.e]

¢=(q) =) (fFlo®) fH () - (3.36)

n=0

With these expansions we are now almost able to complete the proof of the duality
covariance of the quantum field theory in Minkowski spacetime. What remains to show is
how these expansions can be applied to Schwartz functions in S(R?), such that each term
which arises is a generalized eigenfunction of the operators D? and D2.

3.3 Resonance expansion of Wigner distributions

In order to achieve a discrete generalized eigenfunction expansion for functions in an ap-
propriate dense subspace of L?(R?), we will again use the Weyl-Wigner correspondence.
First of all, we have to relate the domain of D? and D? to the domain of H. For this, we

define the space
L2<R>®L2<R>V={ S [ | o) € IAR) . (ol €L2<R>v}, (3.37)
k,l€Ng

which contains all possible linear combinations of tensor products between functions in
L?(R) and its dual vector space L?(R)Y. This space is isomorphic to L?(R?) and we may
switch between these spaces via the Weyl-Wigner correspondence. We may thus identify
L2(R?) with the space of Wigner distributions {W[@] | ¢ € L2(R)® L2(R)" }. In a similar
vein, by restricting to compact operators, we may identify the Schwartz space S(R?) with
SR) @ S(R)Y.

Remark 1. The integral representation [14]

WIol] = 3= [ dk et (6= 01/200) (ole + 0k/2 (3.39)

can be used to define the Wigner distribution of generalized functions. In particular, it can
be extended to a map on the space of tempered distributions W : S8'(R) @ S'(R)Y — S'(R?).
Via (2.23), these extensions also define a continuous star product on algebras of generalized
functions.

Lemma 4. The distributions fi,,(x) defined by

am = WD (ARl = WV i) (m|VE!] (3.39)

n,m
are generalized eigenfunctions of D? and D? with

D fip(@) = £ &0 frm(®) and  D*fi, (@) = £& fin(®), (3.40)

n,m

where

En:2iE<n+%> . (3.41)
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Proof. We use (B.1) to find

D o = E*WLH|LONFE] and  DAf5, = EAWIILANAEH],  (342)
and from (B.27) the generalized eigenvalue equations (B.4() follow. O

Remark 2. One may wonder why we do mnot consider the more general functions fﬁjf,;
given by fom = W[Vs|n>(m|‘7;1] with s,s" = £. As is shown in appendiz A (Lemma ),
the distributions f:,;r: and f, o vanish identically, and only the generalized eigenfunctions

+

— :t7:|: y
nom = from remain.

The resonance expansion derived in section B.9 above can now be applied to Wigner
distributions. For brevity, we will assume that ¢ € S(R)®@S(R)" is a rank one operator ¢ =
|1)) (|, but the extension to general q.7) follows straightforwardly by linearity. Expanding q.7)
in parabolic cylinder functions, we have either the expansion

b= /R ae /R 4&' 1) O 1) (i) (0| (3.43)

s,s'=%4

or

b= Y /R a /R ag" ) (1) (o) i (3.44)

s,s'=+

The other two possible combinations are excluded since they would lead to expansions in
the functions f,jf i () for the Wigner distributions, which vanish by Remark ] above. Now
closing the contour of integration over £ in the lower complex half-plane and over £’ in the
upper complex half-plane in the expansion (B.43), and over £ in the upper half-plane and
over &' in the lower half-plane in the expansion (B.44), we find the resonance expansions

b= > Uren Ifml and  d= D" Wyen )l (3.45)
n,m=0 n,m=0

on &_ @ ®Y and P4 ® PV, respectively, where

G = () and et = (el fo) - (3.46)
A detailed description of the appropriate domain for both expansions is given in section [f

Theorem 4. For the Wigner distributions ¢ = W[qg], the resonance erpansions corre-
spond to

d@)= > Shnfmn(@ and @)= D b, fiha(@) (3.47)

n,m=0 n,m=0

on ®_ @ ®Y and ®, @ Y, respectively, where

6t = (fEl0) = / dz f2,(x)" o(x) . (3.48)
R2
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Proof. On the one hand, using completeness we have

Z WIEEY () (ol £7) (fE11( Z Vs E T R () . (3.49)

n,m=0 n,m=0

On the other hand, using (B.3§) one has

1

fﬁt,m(w)*=WHf12t><f$5H(w)*=%/de e Tt — Ok /2| fEN (o |t + 0k /2) = £ (), (3.50)

and we get

[, de ia@r o@) = [ de f@) 5ole)

R2

- /R Cdz YD WIS () (el ) (7 ()
k=0

— /Rz de Y o op " £ (@) (3.51)

Since [ da f,jfl(ac) = Jk, the result now follows. O

Corollary 1. The resonance expansions in the space of Wigner distributions are given by

1= ZO ) (il and 1= 20 | Frtin) Pl (3.52)

on ®_ @ Y and O ® BV, respectively, with the notation ffm(a:) = <a:|ffm>

3.4 Regularization

We are now ready to construct the duality invariant regularization of our quantum field
theory. As shown in section B.J above, instead of a unique expansion as in Euclidean
space [R6], we now have two distinct resonance expansions (B.52) on the space of Wigner
distributions. However, it is easily checked using Lemma ff that both expansions individu-
ally lead to a free action (R.J) which is not manifestly real. We will circumvent this problem
in the following way, defering a detailed technical analysis to section [l. The idea is to work
on a suitable dense domain ® wherein both resonance expansions are possible. Naively, this
space is the intersection of the spaces ®_ ® ®Y and ¢4 ® ®¥, but this definition is prob-
lematic due to the fact that the Hardy spaces have trivial intersection H2 N H? = {0} [{
(see also [i, Prop. 4]). In section we will define ® more precisely.
The resonance expansion on the space ® is given by inserting

Z Z | o) (Fnil - (3.53)

s:l:an
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One then readily checks the manifest reality of the action functional Sy[¢] on the field
domain ® as

So = (8|0 D? + (1 — o) D? + 1i* |¢)

+
% (0 &+ (1= 0)En + 1) (91F5.0) ()
n 0

il

(= 0 Em— (1= 0) En + 1) (Bl fin) Fihal)] (3:54)

1 — . D
5 Z [(O-gm + (1 - 0)5n + /L2)¢7—z,n qu,n + (O-gm + (1 - O-)gn + :u2) qu,n ¢7—|;L,n]a
n,m=0
where we have used & = —&,. Thus both resonance expansions together are required to
yield a manifestly real action.
In this basis the formal functional integration measure in (.14) may be represented as

Do D¢ = [[ ] d65.m A5 (3.55)

n,m=0 s==%
and there are two non-vanishing free propagators given by

CE(n,m) = (O Ohn) =21 (£ (0&m + (1 —0)E) +1%)

(3.56)
They also arise by representing the operator (o D? + (1 — o) D2 + 2)~! in the two distinct
basis sets as

CE(n,m) = (ff 4121 (6D + (1 - 0) D + 1) | f0) (3.57)

Thus we have two distinct propagators which, as we will see in section ], correspond to
incoming and outgoing particle and antiparticle asymptotic states. The spacetime repre-
sentation of these propagators, in the limiting case ¢ = 1 of a background electric field
alone, is derived in appendix B in terms of confluent hypergeometric functions.

Following [Pd], the regularization scheme we shall employ is based on the opera-
tor (B.1§). Each of the operators D? and D? cut off the high energy modes of one of
the indices on the basis functions fﬁfm. The regulated propagators in Minkowski space are

thus defined by

Ci(n,m) == (ff,42i (0D* + (1 —0)D? 4 p?) ' L(A™*|D? 4 D)) |fi5)

_ 2i _2
B + (Ugm + (1 — 0) gn) + :u2 L (A ’5" + Em’) ’ (358)

where A € R is a cut-off parameter. The cut-off function L is smooth and monotonically
decreasing, with L(y) =1 for y < 1 and L(y) = 0 for y > 2. Since the differential operator
D? + D? is invariant under Fourier transformation up to a rescaling, this regularization is
duality invariant.
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In this basis each Feynman amplitude can be represented in the schematic form

o

K
> S T e mi) (1), (3.59)

ni,mi,...ng,mg=0 Ss1,..sg=% k=1

where (- - - ) denotes the contributions from the noncommutative interaction vertices derived
from (.9) and combinatorial factors. Since the propagator C3(n,m) given by (B:53) is
nonzero only if |&, + En| = 2|E| (n +m + 1) < 2|A|, which at finite A is true solely for a
finite number of distinct values of (n,m) € Ng, every Feynman amplitude is represented by
a finite sum. This completes the proof of Theorem P and hence establishes the quantum

duality in Minkowski spacetime.

4. Configuration space

We will now clear up a few loose ends in our analysis of the previous section. By Propo-
sition [, the resonance expansion in generalized eigenfunctions of the operators D? and D?
can be obtained by just naively applying Wick rotations of the corresponding results in
Euclidean space. However, the expansion in Minkowski signature involves a doubling of
the effective field degrees of freedom, which does not follow by a simple Wick rotation.
We will argue below that this doubling is due to a separation of time flow, wherein one
expansion corresponds to motion in a given time direction while the other expansion corre-
sponds to motion in the opposite time direction. We will also give a precise definition and
rigorous, analytic description of the configuation space ®, and show that the restriction
of the functional integral to this domain may be regarded as an ingredient of the duality
invariant regularization, in the sense that ® is a dense subspace of L?(R?).

4.1 CT symmetry

We begin with a heuristic explanation for the doubling of degrees of freedom ensuing from
the resonance expansion (B.5J) on the configuration space ®. We recall that the two sets of
eigenfunctions in (B.19) are related by n%(q) = x%.(q)*, so that the two subspaces in (B.35)
are related by ® = ®_T. Tt is for this reason that each expansion in (B:52) on its own yields
a complex action, while the sum is manifestly real. On the other hand, the transformation
x%(q) — n5.(q) is equivalent to the change v+ 1 + (v + 1)* = —v of the parameter (3.13).
In turn, this is equivalent to reflection of the electric field ' +— —F. Now using the explicit
form of the generalized eigenfunctions fniln (Proposition [l), we see that the time-reversal
operator T : t — —t leads to

t——t

On the other hand, under the charge conjugation transformation C : F — —FE we get
E——FE
C: fi,n(tx) - fi,n(_tv"p) = frfm(tv"n) . (42)

Thus by applying time-reversal plus charge conjugation we get the mapping f,,iln = fohne
In particular, the spaces @ and ®_ are in this way related via a C T-transformation, and

one has 7% (¢) = C Tx4.(q).
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The domain @ is thus the smallest domain of fields in which a C T-invariant resonance
expansion is possible. The expansion coefficients in (B.47) are related to each other by

bpm=CT¢r,, = (CTf,lo) . (4.3)

After fixing a time orientation, we can thus interpret CT as the propagator for incom-
ing particles and C~ as the propagator for outgoing antiparticles. This is consistent with
the properties

CH(—x;—a') = CF(x;2') and  CF(t,x;t, 2" ) = CF(—t,a;—t',2) (4.4)

which can be read off from (B.7). Note that, by Proposition [, the generalized eigenfunc-
tions fniln have the asymptotic behaviour

fin(t — d00,x) ~ e T FP » (polynomial in t) . (4.5)

This behaviour looks somewhat like the condition for outgoing and incoming scattering
states, except for the t* dependence in the exponential and the polynomial factor which
reflect the dipole nature of the quanta in this field theory.

4.2 Definition using Gel’fand-Shilov spaces

We will now construct a suitable configuration space of fields ® € S(R?) which defines a
rigged Hilbert space
® C L*(R?*) cC @. (4.6)

This field domain will also define the space of matrices M to be integrated over in the
matrix model of section ] As we demonstrate below, the appropriate configuration space
® can be identified with a subalgebra of one of the Gel’fand-Shilov spaces S (R?) with
o > %, which are subspaces of Schwartz space S(R?) = SZ(R?). Their suitability rests on
the fact that they are closed under Fourier transformation and the noncommutative star
product, and their elements admit an expansion in terms of the generalized eigenfunctions
that we have constructed in this paper.

We begin by reviewing the general definition of the Gel’fand-Shilov spaces S2(RY),
d > 1 [2T]], and the properties of them that we will need. This space is the set of all smooth
functions ¢(q) on R? for which there exists constants C' > 0 and M > 0 such that

qu alTJl‘ZSHoo < C MmHIm| pan L am (4.7)

for all n, m € N¢, where the norm is the usual supremum norm on LOO(Rd). Here we use the
conventional multi-index notation where, for n = (nq,...,nq) € Ng and q = (q1,...,q4) €
R?, we set ogd(a) = 05t~ 0pid(q), In| = ny + -+ +ng, n®™ = n™ - ng"™, and so
on (with the convention n{'™ := 1 for n; = 0). The space S¢(R?) can be realized as the
inductive limit of the family of Banach spaces Sg’M(Rd), M > 0 consisting of smooth
functions ¢(q) on R? with finite norm

MM

H¢||a,M = n?SqI;I;Nd O e qu a{fﬁwa . (4.8)
) 0
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The topology on S(R?) is then the inductive limit topology. This makes S&(R9) into a
Fréchet space which is a subspace of Schwartz space S(R?).

The Fourier transform on S¢(RY) is defined analogously to (B-4), and it defines a topo-
logical isomorphism. Thus the spaces S¢(R?) form a family of Fourier transform invariant
spaces contained in the Schwartz class S(R?), which are closed under differentiation and
multiplication by a polynomial. They are thus well-suited as configuration spaces for (free)
duality covariant field theories. The Gel’fand-Shilov spaces contain quasi-analytic classes,
in the sense that Sg‘(Rd) for % < «a < 1 are subspaces of the space of entire functions
on C? restricted to R%. The smallest non-trivial Gel’fand-Shilov space is Sl1 //22 (R%), which
contains, for example, the Gaussian fields ¢(q) = e~9*. The spaces S¢(R?) have been
previously proposed as suitable test function spaces for non-local relativistic quantum field
theories [, BY].

The (strong) dual S¢(R?) of the Gel’fand-Shilov class S¢(R?) is a space of tempered
ultra-distributions of Roumieu type. It contains the space of tempered distributions S’(]Rd).
The Fourier transform is extended to a continuous linear transform on S&(R%)’ by means
of the duality formula

(QIFIF]) == (FlellF) (4.9)
for F € S2(RY) and ¢ € SY(RY). Tt yields an isomorphism S%(R%)" — S&(R9)".

Let us now specialize to the one-dimensional case d = 1. Then the topological algebras
S%(R) have the remarkable feature that the harmonic oscillator eigenfunctions (B.24) form
a basis for the expansion of fields in S¢(R) [RF]. Since these eigenfunctions also form a
complete orthonormal system in L?(R), it follows that the triplet of spaces

S%(R) c L*(R) c S¥R) (4.10)

is a rigged Hilbert space. The corresponding expansion coefficents (n|¢) for n € Ny and
¢ € S§(R) may be characterized as follows. The nuclear space M of sequences of ultrafast
falloff is the inductive limit of the family of spaces Mg", k > 0 consisting of complex

sequences {ay Inen, of finite norm

a = 3 a,|? 20k vn) v 4.11
{an} ., |an| : (4.11)

n=0
where we have defined the function
Q(y) := sup log (y"n™*") (4.12)
neNg

for y > 0. That this space can be identified with the Gel’fand-Shilov space S&(R) is the
content of the following crucial result, proven in [2F).

Theorem 5. The mapping ¢ — a, = (n|¢), n € Ny defines a topological isomorphism on
the spaces S§(R) — M.

When a,, = (n|¢) for ¢ € S(R), we will denote the norm ([.11)) by ||@||.. This char-
acterization leads to the following result governing the generalized eigenfunction expan-
sions (B.17), which enables us to replace both spaces ®+ in (B.3H) with the Gel’fand-Shilov
space S5 (R).
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Theorem 6. For any function ¢ € S§(R), one has:

(a) glim <77i‘ ¢> = 0, where the limit is taken over generalized eigenvalues & in the upper
— 00

complex half-plane; and

b) lim Xg = 0, where the limit is taken over generalized eigenvalues £ in the lower
¢ +
—00

complex half-plane.

Proof. Since n§ € S'(R) C SY(R) and ¢ € S¥(R), we have the Parseval equation [2J]
(%] ey =>_ (niln) (nl¢) (4.13)
n=0

with (nf|n) = Jz dq n% (q)* 1%°¢(q). Using the Schwarz inequality and Theorem [, it follows
that for every x > 0 one has

[(nk|o)| < Z | (n[n)|[(nl o)
<Z | 771‘” e~ 2~k \/—)>1/2<i ‘<n|¢>‘2 e2Q(H\/ﬁ)>1/2
n=0
1/2
_ \|¢||R(Z (o 2 o2 ) (414)
n=0

We will now substitute the explicit form of the generalized eigenfunctions n% (¢) from (B:13).
Using the integral representation (B.14) for the parabolic cylinder functions, it is
straightforward to derive the integral identity

Lw+1)
/dtD 2T T (4.15)
vI(—35v)

A

IA

We will also use the estimate

|||, < Cn*, (4.16)

for some constants C' > 0 and k € N which are independent of n. For brevity, in what
follows we use the same symbol C to absorb all constants independent of n and of the
complex parameter v in (B.13). We then find the bound

(4.17)

e—iﬂu/42u/2r iy
)| < ot 20T

Using the Stirling expansion of the gamma-functions for |v| — oo and the defini-
tion (f.19), we then have

|<Tli‘n>‘2 e—2Q(n\/ﬁ) < Cn2k‘ei7ﬂ//2y—u—2 el/| e—2Q(n\/ﬁ)

n2k

:C‘elﬂl//2y—l/—2 el/| >
( sup K™ nm/2 m—am)
meENy
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n2k (2]{7 + 2)40c (k+1)
(A1) 2542

<C ‘ e iTmv/2 y V2 eu|
< C‘eim’/zu_”_2 e”!i (4.18)
— /”L2 )
where we have chosen k > (2k + 2)®. Substituting ({.1§) back into ({.14)), since the series
Y neN # converges we have finally

|75 6)| < Clllln |e ™/ 4vmav=t er2] (4.19)

The right-hand side of ([l.19) vanishes in the limit Re(r) — 400, which proves (a). With
the same techniques, an analogous bound for |(x%|#)| is obtained using the explicit form
for the generalized eigenfunctions x4 (q) in (B-IH), which now vanishes for Re(v) — —oo
and establishes (b). O

Corollary 2. For any function ¢ € S§(R), one has the resonance expansion

o) =5 3 S (h16) fila) (4:20)

s=+ n=0

Proof. From the estimate (f.1J) and the analogous one for |(x&|¢)|, together with the
explicit forms of the generalized eigenfunctions in (B.15), we see that the integrands of (B.17)
evaluated on an arc of radius 7 — oo in the upper or lower half-planes respectively vanish
much faster than 7=17¢ for € > 0. As in the proof of [fl, Thm. 2], the contributions to the
contour integrals from the arcs at infinity thus vanish. O

We can now transport the resonance expansion ([.2(0) to the appropriate space of
Wigner distributions, exactly as we did in section B.J. The following result, whose proof
may be found in [{]], is helpful for this purpose.

Lemma 5. Let ¥, € S2(R)'. Then ¢ € SE(R) if and only if W[|1){¢|] € SY(R?).
It follows from Lemma [] that the Wigner distribution (B.5() induces a transformation
W S(R)® SE(R) — S%(R?) (4.21)

for a > % In this way the space of duality covariant noncommutative scalar fields can be
identified with the subspace ® = W(S$(R)®SS(R)" ) of the Gel'fand-Shilov space Sg(R?).
This defines a topological algebra which is continuously closed under the star product,
because of the projector property fﬁf,m* f,gc’l = Ok fil. This property is consistent with the
result of [BY] that the star product has a unique continuous extension to any Gel’fand-Shilov
space S2(R?). Using Theorem [, the corresponding space of sequences {(bsz:,m}n,meNo can be
identified with a subspace M of the nuclear space of sequences on Ng of ultrafast falloff [R5
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5. The two-matrix model

As in the Euclidean case [B{], the formalism developed in this paper enables a reformulation
of the duality covariant quantum field theory as a succinct matrix model, though now with
some crucial differences. Thus far we have used the Weyl-Wigner correspondence at the
self-dual point # = 2/F to find the generalized eigenbasis of the operator D?, which depends
on the absolute value of the electric field E. However, the star product appearing in the
interaction term (R.9) does not depend on the electric field, but on the noncommutativity
parameter . The generalized eigenbasis of D? has a very nice projector property under
the star product if the noncommutativity parameter is set equal to 2/E. For 6 # 2/E,
this is no longer true in general, while the free part of the action (R.) is still diagonal. We
will now reverse the logic. We will suppose that the basis functions fﬁfm are defined with
respect to the electric field 2/0 # E. In this case the complete action can be mapped onto
a coupled complex two-matrix model.

We will fix F # 4+2/6 generically, and assume that E,6 > 0. The interaction part of
our action (R.9) can be mapped onto a matrix model by noting the identities

/ dz 12,.(2) = S,
R2 ’

Foam > fin = Omk frs
St = ft (5.1)

n,m m,n

for s = 4. Thus the only surviving combinations for star products of four distributions

s

n,m are

+ + + + +
fnl,ml * fnz,mz * fng,mg * fn4,m4 = 5n2,m1 5”377”2 5”477”3 fnl,m4 . (52)

By using one of the two expansions ¢(z) = 3, cn, fam(®) ¢n, for the scalar fields,
we can express the interaction term [z, dx (¢ x ¢ * ¢*  ¢)(x) as a matrix product
Tr ((bJr_s ?s QST_S ¢s) for s = + and (@s)nm := @5 ,,- The interaction [, da (¢**x¢*xp*¢)(x)
gives Tr ((bJr_s QST_S ¢s ¢s ). On the domain ®, the action (£.9) can thus be written as a ma-

trix model 1

S =75 > Trasl o6l o+ 56l 60, 6:0:) . (5.3)
s==%

The free action () for E # £2/6 can also be written as a matrix product in the
following way. With the help of the operators ([A.9) we can write

1

D?=—
49

[(2+6E)2 <a1+a; +%> +(2-0E)? <a§ra2_+%> +(02E2—4) (afaf +ayaz)|. (5.4)
Note that at the two self-dual points § = +2/E the free action simplifies considerably, since
D? = 2F (afa; - %) for 6=2/E,

D? = 2F (a; ay + %) for 6=-2/FE . (5.5)
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The corresponding expressions for the operator D2 are obtained by interchanging af > aét

above. Using ([A.H) we find

. 1 s 1 s
ay ay S,mzls\/n—i_gig\/m+§i§f7§is7misv (5.6)

with the abbreviated notation n4+s:=n=+1for s=+ and n+s:=n=F1 for s = —. The
free action of our model can thus be expressed as

1
50 = g5 ; Tr (40 42 6l 6 + (07 B = 4) (6T 6, T, + 6, TL 6L ) (5.7)

+5(2-0E)?+800E) ¢ E¢ o+ 5(2+0E)® —800F) ¢_35¢L) ,
where we have introduced the matrices

1
(Cs)nm = isVm—+1 dpmi1 and (E)pym = i(n+ 5) Snom - (5.8)

This action has a similar structure to that of the Euclidean case [B(].

The domain of this matrix model is the space of (infinite) matrices M described in
section .4 Let us now set & = 1, 3 = 0 in the interaction term (E), o = 1 in the free
part (5.7), and consider the matrix model at the self-dual point # = +2/E. The full action
is then given by

So= LY m (sl o . elor (0o)?) . 69)

s==+

The matrix model at the other self-dual point § = —2/FE is gotten by interchanging (;5;[ >
#_s in (b.9). The action (f.9) admits a continuous GL(00) x GL(c0) symmetry group
defined by the transformations

¢s — ¢sUs and ¢l — ULol, (5.10)

with Uy € M NGL(o0). Thus the self-dual matrix model describes an integrable quantum
field theory, just as in the Euclidean case 29, B(]. By [B] and the discussion of section [£.1],
the unitary U(oo) x U(co) subgroup of this symmetry group consists of matrices U corre-
sponding to canonical transformations of R? along the forward /backward light-cone direc-
tion. Note that the self-dual matrix model is also invariant under a discrete Zo symmetry
group generated by the combined time-reversal and charge conjugation transformation

CT : (¢s,0) — (p-s,0) , 6 — —90. (5.11)

6. Generalization to higher dimensions

There is a natural UV/IR-duality invariant extension of our 1 + 1-dimensional model to
higher dimensional Minkowski spacetime, which combines our result with that of 4] for the
Euclidean case. We will demonstrate this in D = 2d + 2 dimensional Minkowski spacetime
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with coordinates @ = (z#), p = 0,1,...,2d + 1, 2° = ¢ and derivatives 9, = 9/dz". The
extended field theory in D-dimensional Minkowski spacetime has a similar form as before.

The interactions are formally the same as in (R.9), while the free part of the action
now reads

So= [ dz ¢ () (o0 K2 + (1 — o) K2 + ) () (6.1)

with K2 := % (=10, + Fy,2¥)? and the D x D antisymmetric electromagnetic tensor in

Jordan normal form

0 F
—-FE 0

0 B
(Fiu) = ~By 0 (62

0 By
—By 0

for E,Bj, > 0. The differential operator K2 is defined below. The coordinate system on
RP is chosen in such a way that the noncommutativity parameter matrix (*¥) appearing
in the star product is in its canonical skew-diagonal form

0 6
—0p 0
0 6
(9“”) = —60; 0 , (6.3)
0 64
—0; 0
with 6, > 0.
With these definitions the operator K? decomposes into a sum
d
K>=D>+) Dg, (6.4)
k=1

of d copies of the Landau Hamiltonian

1
.

> |~ (O 0B s0) 21 B (02 2™ D)+ BE (o) '+ (27)°)| (6.5)

for k= 1,...,d, and the Klein-Gordon operator D? introduced in section . The classical
duality is now proven in the same way as before. The self-dual point is given by (0*") =
+2(F,,)7!, or equivalently by 6y = £2/F and 0, = £2/By, k = 1,...,d, where the sign
has to be the same for all 8,, a =0,1,...,d.
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Eigenfunctions of the operator K? are now given by tensor products of eigenfunctions
of D? and D}%’k for k =1,...,d, analogously to the Euclidean analysis of 2f]. The Landau
Hamiltonian D}%’k describes the motion of a charged particle in the two-dimensional Eu-
clidean (x2#, 225t 1)-plane in the presence of a background magnetic field with field strength
2By, and its eigenfunctions are the well-known Landau wavefunctions fi,, n, (x| 2R+,
my, g, € Ng. These functions are simultaneous eigenfunctions of the operators D%’k and
D]%D,k = D%,k‘gk_,_Bk
definitions give rise to a new operator K2 obtained from K2 by substituting D? for D? and

with eigenvalues 2By, (my, + %) and 2By, (ny, + 3), respectively. These

f)%k for D%’k. Simultaneous generalized eigenfunctions of K2 and K2 are therefore given
by tensor products

f]z)t(m) = (fio,no ® fm17n1 ®-® fmd7”d)(m) (6'6)

with p := (m,n) = (mg,m1,...,mg,n0,Nn1,...,nq) € NJ. The corresponding generalized
eigenvalue equations are

d
K2 = (i 2iE <mo+%> +k§ 2B <mk+%>)f1j): = E*(m) fp

d
K fp = (i 2iE <no+%> +; 2B, (nkJr%))f; = E*(n)fp . (6.7)

This extended field theory now comprises all the features of our 14 1-dimensional model and
the 2d-dimensional Euclidean model investigated in [Rf]. Thus it is duality covariant and
has a matrix model representation in terms of the extended Landau basis defined in ([.4).
The Landau wavefunctions f,, »(z,y) form a basis for L?(R?), which simply reflects the
fact that they are the Wigner distributions of the harmonic oscillator eigenoperators |m)(n/|.
The extended Landau wavefunctions f; are Wigner distributions of the tensor products

| frrgs 1y ma)(fl s mal = | fag ) (£ © Ima)(na| @ -+~ @ [ma)(nal . (6.8)

Most of the analysis of the 1+ 1-dimensional case is now easily generalized to higher dimen-
sions. Each field ¢ in a suitable domain ® € S(RP), dense in L?(R”), can be decomposed as

@ =3 Y sy with op= [

D
s=+ peNp R

dz fple) o). (69)

The free action takes the form

Sy = % Z Z (0 E°(m) + (1 —0) E*(n) + ) ¢p " 6p° (6.10)

s=% peNp

and the two propagators in this basis, given by

CE(p) = (fp12i (0 K2+ (1 — o) K + 1) ' |fp)

= 2i (a0 E*(m) + (1 — o) E*(n) + %) ", (6.11)
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can be regularized in the same way as before, proving the duality invariance of the higher-
dimensional regularized quantum field theory.

Using the noncommutativity parameters (0#¥) for the Wigner transformations and the
star product, the resulting extended Landau wavefunctions obey the same nice projector
property under the star product given by

+ 4+ +
f(m,n) * f(m’,n’) = 5n7m/ f(m,n/) ) (612)
where dm.m = Omg,ng Oma,ny - Omgng- As was shown in [B(], the Landau Hamiltonians

Dl%l . and [N)]%: . can be written in terms of standard harmonic oscillator creation and anni-
hilation operators for each k =1,...,d. With the definitions

. 1
(&)mn = is <n0 + —> ‘mmn,

2
s 1
(E)mmn = (nk+ 3 dm.n
(IO mn = 1svVno + 1 mgmng+1 Oming = Omgng s
(PZ)T’LTL =V +1 5m0,n0 T 5mk7"k+1 T 5md7"d (6'13)

along with Fy = F and F, = By for k =1,...,d, we can thereby map the free part of the D-
dimensional ¢** field theory in Minkowski spacetime onto a two-matrix model with action

d
1 1 40,112 s s st ts
=g Y g (e olomt @R (eirt oo Tirorlolrs) (019

+(<2—9aFa>2+8aeaFa)<z>L€;¢_s+(<2+eaFa>2—8aeaFa)¢_s£;¢L>,

where (¢s)m.n = (bfm n) (regarded as a matrix via lexicographic ordering NOD ~ Ny, for
example) and Tr(¢4) = ZneNg’ (¢s)n,n. Due to (p.12), the interaction terms take the
same form as in (5.3). At the self-dual points given by 6, = +2/F, and with the definition

d d
. 1 1
(gs)m,n = QZ:% 2Fa (5;)m7n = 2<ISE <Tl0 + 5) + Z Bk <le + 5) > 5m,n, (615)

k=1

we obtain the same self-dual two-matrix model as in section E

7. Summary and discussion

In this paper we have proven that a noncommutative ¢**-theory, describing a charged
scalar boson moving in Minkowski spacetime in the presence of a background electromag-
netic field, is invariant under a special UV/IR duality generated by symplectic Fourier
transformation of fields. This was achieved by extending the methods which were used
in the Euclidean situation [Rf. We were able to map our noncommutative field theory
onto a two-matrix model and regularize it in a duality invariant fashion. What makes
the Minkowskian story much more intricate than the Euclidean one is that the Lorentzian
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kinetic operator has a continuous spectrum extended over the whole real line. By analyti-
cally continuing its eigenfunctions into the complex energy plane and closing the integration
contour of the continuous eigenfunction expansion on an infinite arc in the upper or lower
complex half-plane, we get two distinct discrete expansions from the isolated poles on the
imaginary axis. A determination of the resulting generalized functions shows that they
are given by Wick rotated Landau wavefunctions, including a Wick rotation of the back-
ground field. One expansion corresponds to the Wick rotation (z, E) — (it, iE) and the
other expansion to (z,E) — (—it,—iF). This shows that we can map one expansion to
the other by a combined time-reversal plus charge conjugation transformation C T'. This
suggests that the corresponding propagators relate the propagation of charged particles
and antiparticles in different time directions respectively. We found an explicit expression
for both propagators in a background electric field alone, and determined explicitly the
appropriate domain for the expansion of noncommutative fields in these “electric Landau
wavefunctions” in terms of Gel’fand-Shilov spaces.

However, a non-trivial result, which doesn’t simply follow by Wick rotation, is that
stability of the theory requires the use of both expansions simultaneously, i.e. we have to
make the expansion in a C T-invariant way. This shows that in Minkowski spacetime we
effectively require twice as many degrees of freedom as compared to the Euclidean case.
This is most apparent in the matrix model representation. While the Euclidean field theory
is a one-matrix model, the Lorentzian field theory is a two-matrix model.

This new matrix basis could now be used to implement the renormalization programme
for noncommutative field theory in Minkowski spacetime. In the same way as the Lan-
dau basis was a crucial ingredient in the proof of the renormalizability of some Euclidean
noncommutative field theories, the electric Landau basis could be used in similar theories
formulated in Minkowski spacetime. One could first examine the Minkowskian version of
original Grosse-Wulkenhaar model [P2], which consists in adding an inverted harmonic os-
cillator potential to the kinetic term of a real ¢**-theory, as given by the operator BI139).
The corresponding propagator requires inversion of the analog of the matrix appearing
in (B.7) at 0 = %, and can be found using the techniques of [[7]. In this way our formal-
ism describes the appropriate analytic continuation of the Grosse-Wulkenhaar models to
Minkowski signature. Along these lines it is interesting to explore the structure of the pre-
sumably inequivalent quantization of the duality covariant field theory using the S-matrix
formalism in our two-matrix basis. It would also be interesting to see if the exactly solvable
self-dual matrix models of section fj lead to any different nonperturbative renormalizability
properties compared to the Euclidean case R9]. All of these interesting renormalization
issues are left for future investigations.

We conclude by pointing out an interesting but somewhat unrelated offspring of our
analysis. A corollary of our work is a rigorous mathematical proof of the electric-magnetic
duality of the QED effective action, which states that one can obtain the effective action of
charged particles in an electric background E from that of charged particles in a magnetic
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background B by the substitution B — i E [[[1]. The effective action is simply given by

Sef = 1 log (/ Do Do* e iSO|o’—1>
®
= —ilog det (D? + 1?)

S f: i log <2isE<n+%> +u2> , (7.1)

s=+ n=0
where we have omitted the infinite vacuum contribution in the second line and used the
generalized discrete spectrum in the third line. The techniques developed in this paper
may have further applications in this context.
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A. Generalized eigenfunctions

Given the relation with the inverted harmonic oscillator, it is natural to introduce analogs
of the standard ladder operators. Defining

a* = — (pFq). (A1)
one has the commutation relations
@~ ,a"] =i (A.2)
and the operator H can be represented as
H= g (@ata”"+a a"). (A.3)

These operators are not ladder operators in the usual sense, since they are not Hermitean
conjugates of one another. Nevertheless, we can construct our basis distributions |f) and
(fF| in vacuum representations of the algebra ([A.3) defined by applying these operators
to states |0,+) and (0, £|, respectively, which are determined via the conditions

a=*0,s) = 0,
0,s]a™% =0,
(0,s]0,—s) =1 (A.4)

for s = +. The inner product in ([i4) follows again from the fact that (f| = <n\f/;1 is
only orthonormal to |f,F). The generalized eigenstates

n, +) = (;nl, (@%)"[0,4) .

(d_)n|0’ _> )

|’I’L, _> =

-
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(n+] = ﬁm,ﬂ(a*)’%
(| = —— (0, ~|(a")" (A.5)

have the desired properties
Hin,+) = +i6 (n+ ) In,+),

(n, £ H = Fi0 (n + %) (n, £],

Consequently these states coincide (up to a phase factor) with the distributions |f) =
Viln) and (fF] = <n\f/;1 constructed using the complex scaling of section B.9.

The operators @* together with the Weyl-Wigner correspondence now allow us to
construct the generalized functions f;,,(z) formally via

(F1)"
n!m)!

wom = W[|n, £)(m, (] =

W[aE]™ « 5 » WlaT]™ (A7)

where W[a*]*" denotes the n-fold star product W[a®] x --- x W[a®]. With the notation
* =t+2and 0+ = 0; £+ 0, we find for an arbitrary function f(x) the star products

Wiat](z) « f(@) = & (-@ os + i@ :ﬁ)f(w)
@)« Wia](@) = (@ o5 T i@ xi)ﬂw) . (A8)

This motivates the definition of new “ladder operators” on x-space given by

< faiilfx¢> and af:%(@@t;i\/%xi). (A.9)

The new operators aZ , i = 1,2 obey the nonvanishing commutation relations [a; ,a;r] =
id;;, and with # = 2/E our basic differential operators can be expressed as
D? = 25 <a1 ay + %) and  D?=2F <a2 ag + %) (A.10)

The conditions ([A.4) translated into this language respectively give the differential
equations

al_f(;fo(ac) = a;fgfo(ac) =0 and aff&o(a:) = a%’f&o(az) =0, (A.11)

which can each be solved to give
B _
fE(x) = 1= o FIEE= (A.12)
: 0

in the space S’(R?), where the normalization constant has been fixed by Jge dx f(fo(a:) =1.
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Lemma 6. The generalized functions f;ii,; = W (f5'|] vanish for distinct s, s' = +.

Proof. The analog of (A1) for f&r ¢ ylelds the two differential equations
O_fop () =—iEa® fii (®) and  O_fo5 (x) =+iEx" fi; (z), (A.13)

which together imply that fOJf o = 0 by continuity. The same argument leads to f(; 0’+ =0.
The result now follows from the analog of ([A.7). O

We will now show that the explicit forms of the generalized eigenfunctions fnfn(w) in
Minkowski signature are simply given by the Landau wavefunctions with Wick rotated pa-
rameters.

Proposition 1. The generalized eigenfunctions can be written as

| .
fE (z0) = |2£|\ | (1) e T2 (g )2 mon g Felmon) pmon (4§ 22) (A.14)
’ T m.

! .
_ ‘25’ %(_1)771 e:FlEz2/2(j:iE)(n—m)/22n—me:FSD(m_")LZ;m (:]:IEZ2),(A15)
T '

where z = /12 — 22, ¢ = tanh~!(z/t) and L (y) are the associated Laguerre polynomials.

Proof. We use the Wigner transformation formula (B-50) and the explicit form of the gen-
eralized eigenfunctions (B.26) with the electric field E' = E/2 = 1/6. Using the generating
function for the Hermite polynomials given by

eiﬁéqzzl< 3 )an(q/\/:FiG), (A.16)

n=0 n! Y :Fle
we have
+ . L - 2m+n § " n " +
et =2l T () () e
_ 1 L e (2o (t
= \/m/ugdk exp{ —10 [(5 2§(t+/<;/2)) (77 2n (¢ /<;/2))

1 1
—§(t+k:/2)2—§(t—k‘/2)2—ikx]}. (A.17)
Evaluating the formal Gaussian integral in ([A.17) gives finally the generating function

Ki(&n;t,x) = 2exp{% [x2_t2+2§(t:1:x)+2n(tj:a:) —2n§]} (A.18)

in the space S'(R%). The generalized functions f%n(:c) can now be obtained by taking

suitable derivatives of (JA.1§) with respect to the variables £ and 7.
For m > n one finds

N 1 1 <¢10>(m+”)/2 o o

- K .
fm,n(w) - 27T|9| m 2 agm 87’]”K (fﬂ%tﬂ)

&=n=0
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min! 12y (2 (m=n)/2 —n
= i60 -
- eF <:F19> (tFz)

S () i o

=0

X

i~

This expression can be further simplified by introducing the rapidity parameters (z, )
defined by

t =z coshgp and x =z sinhgp, (A.20)
such that ¥ =t + 2 = 2z e®¥. Introducing the summation index ¢ = n — p, inserting
E =2/6 and using the definition of the associated Laguerre functions

n

n+ k) (=1)7y?
Law) =2 (51 - q)!) (§<r +)q)!yq! ’ A2

q=0

we arrive at the explicit form for m > n given by (|A.14). The calculation for m < n is
completely analogous and leads to (A.15). However, using the identity [P4, p. 321]

(=)t pmmm L (r2) = (=1L (7‘2) , (A.22)
we see that both forms (A.14) and (A.15) are valid for gemeric m,n € Ny, and are

thus equivalent. O

B. Free two-point function

In this appendix we will derive an explicit expression for the free propagator (B-56), (B-57)
at o = 1 in the spacetime coordinate basis. We begin with a spectral expansion of the prop-
agator

_ = 21 fon (@) fam(®)
n o 2, 21 — mn au
Crmi(@,@’) = 2i(@|(D*+4°) " fo') = D, —5F—5

m,n=0

) (B.1)

where we have used (B.50). First we will evaluate the sum over n. Substituting the expres-

sion (A.14) for fi () and (A.13) for f,,(x') we get

0 2 : m

S @) ) = (ie) e FIEE+27)/2 Liﬁ'z/) o Flo—¢)m (B.2)
’ ’ 7-[- !

n=0

oo
X Zn'( +iFzz e TN LM (L iR L (£ 1B 2.

n=0

Using the identity [R4, eq. (48.23.11)]

i n! Lrnn—n(g) Lfl—n(,r}) — k! ec&n (1 o ’I’}C)m_k cm L?_k<(1 - gC)C(TIC — 1)) (B3)

n=0

— 32 —



for k = m, after a bit of algebra we find

men fnm ) 2102 e$iE(m—$')2/2 e—izz’sinh(&p'—so)Lm( + IE(w o m/)Z)’ (B4)
s

where the factor m!¢™ coming from (B:J) cancels the same factor appearing in the denom-

inator of (B.9).

To obtain the full propagator we also have to carry out the summation over the index
m to get
1 e¢uwm_mwv2e_iEu@mm¢L¢)§:<Lm(illﬂm'—mq )
w262 ’

CE (x,2) = .
o= ) 1 2
m=0 iE(m + 2 + %)

(B.5)
Using the identity [24, eq. (48.2.3)]

<1
Zm+a

m=0

I'(a) I'(K)
I'(a—k)

k() = VFi(ask + 1;w) +T(k) 1Fi(a—k;1—k;w)  (B.6)

with a = 1 + 12‘;3 k=0 w=+iF(x—2')? and 1Fi(a;b;w) a confluent hypergeometric
function, we finally obtain

C;tzl(m m/) = :t2_12E eqtiE(w—m’)Q/z e—iEzz’sinh(cp’—cp) )
1
XF1< 12'2, 1; +iE(x —a' )2> (B.7)

where we have again substituted § = 2/F. The domain of validity for the identities used
above can be found in [24], and applied in our instance as equalities in the space S’'(R*).
Note that the factor e~ 1222 sinh(¥’=¢) hreaks translation invariance, as expected in an
electric background.
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